We study the properties of the nuclear rotational excitations with hypothetical tetrahedral symmetry by employing the microscopic mean-field and residual-interaction Hamiltonians with angular-momentum and parity projection method; we focus on the deformed nuclei with tetrahedral doubly-closed shell configurations. We find that for pure tetrahedral deformation the obtained excitation patterns satisfy the characteristic features predicted by group-representation theory applied to the tetrahedral symmetry group. We find that a gradual transition from the approximately linear to the characteristic rigid-rotor, parabolic energy-vs.-spin dependence occurs as a function of the tetrahedral deformation parameter. The form of this transition is compared with the similar well-known transition in the case of quadrupole deformation.
I. INTRODUCTION
for the neutrons and protons, respectively, are [4] : N t or Z t = 16, 20, 32, 40, 56, 68-70, 90-94, 112 , and 136/142.
The possibility that tetrahedral symmetry is present in atomic nuclei has been discussed as early as in 1970'ies for 16 O in relation to the hypothetical four alpha-cluster structure [5] [6] [7] [8] . Calculations employing the microscopic-macroscopic method [9] , or the Skyrme Hartree-Fock (HFB) method [10] [11] [12] suggested that, in heavier nuclei, the tetrahedral shapes may appear in low-lying excited-, or even in the ground-states for specific nucleon numbers; see e.g. Refs. [13] [14] [15] [16] for more recent works. It is, therefore, both timely and interesting to employ the well established methods of the theory of nuclear structure in an attempt of examining the leading features of the excitation spectra of collective motion associated with of the tetrahedral shape.
In this article we focus on certain properties of nuclear rotational bands in tetrahedraldeformed nuclei using advanced microscopic techniques which employ the angularmomentum and particle-number projection methods. Although the methods of performing the projections are straightforward and well-known [2, 17] , their numerical realisation is a non-trivial task, especially for the non-axially symmetric and non-time-reversal invariant systems described using the cranking approximation (see e.g. Refs. [18, 19] ). We have developed an efficient method to perform the projection from general and realistic mean-field wave functions calculated with large number of basis states [20] . Characteristic features of our method which have an important impact on an increased efficiency in the numerical realisation of the algorithm can be summarised as follows: (a) An efficient truncation scheme using the information about the occupation probabilities in the canonical basis; (b) The full use of the Thouless amplitude with respect to a Slater determinant state in place of the generalised Bogoliubov amplitudes; (c) Avoiding the sign problem for the norm overlap in terms of the Pfaffians [21] with using the Thouless amplitude.
The tetrahedral-symmetry nuclear-states have not been so far identified in nature. In order to facilitate the associated experimental research program in the case of a possible discovery of a new quantum phenomenon, one needs to establish first of all the global and leading characteristic properties of the tetrahedrally-symmetric nuclei. The main focus of the present article is to test the projection techniques associated with the mean-field methods, as far as the characteristic features of the energy spectra are concerned rather than trying to be as realistic as possible in terms of the energy scale predictions. Another aspect is to test the projection techniques necessary to calculate the electromagnetic transition probabilities within the nuclear-mean field theory. Such transition probabilities and/or their branching ratios can be used as characteristic signs of the symmetries and will become a necessary tool for establishing such symmetries in nature. The related research program is in progress and results will be published elsewhere.
In the next Section, Sec. II, the principal mathematical expressions of the method are briefly recapitulated; the details can be found in Ref. [20] . The results of calculation are presented and discussed in Sec. III. The final section, Sec. IV, is devoted to the summary and possible future perspectives.
II. METHOD OF CALCULATION
In what follows we assume that a nucleus is in a state corresponding to a tetrahedralsymmetry minimum, one possibly among other competing minima in the total energy landscape. Assuming purely static configurations, i.e., ignoring the collective effects such as the zero-point vibrations or any other form of, e.g., large-amplitude motion which may be particularly needed in the case of the flat energy landscapes, we will calculate the excitation pattern using the angular-momentum, parity, and particle-number projection techniques, the latter in relation to pairing, combined with the mean-field techniques.
Thus, the most general symmetry-conserving wave function is sought in the form
whereP I M K andP ± are the angular-momentum and parity projectors (see e.g. Ref. [2] ). The mean-field state |Φ is taken in the form of the anti-symmetrised product (HFB type) wave-functions, which is specified in Sec. II A. The K-mixing coefficients, g I(±) K,α , are obtained by solving the generalised eigen-value problem of the Hill-Wheeler equations 
with the Hamiltonian and norm kernel matrices being defined as usual as: 
In the present approach we wish to go beyond the mean-field approximation without perturbing the tetrahedral symmetry of the problem. This can be done by introducing in Eq. (3) a two-body spherically-symmetric HamiltonianĤ, whose form will be discussed in Sec. II B.
The neutron and proton number projections require the number projectors (P N and P Z ), which are further included in Eqs.
(1)−(3). However, we found that the effect of the number projections on the quantum spectra in the present work is small, see Sec. III B, and they are simply neglected in most cases after verifying that such a neglect is justified.
A.
Mean-Field Model and Its Hamiltonian
It is often of interest to employ the consistency condition between the mean-field and the many-body Hamiltonians like, e.g., in the Skyrme-Hartree-Fock models, since it is believed that such a consistency offers a more realistic description of the many-body systems in question. In this article we wish to focus first of all on the nuclear excitation spectra in the presence of pure tetrahedral symmetry of the mean-field. In this context it is preferable to work with the model allowing to completely control the deformation and the underlying geometrical symmetry. For this purpose, a phenomenological deformed mean-field is more convenient.
We use the product-type states composed of the eigen-functions of the Woods-Saxon (WS) potential [22] , for which the general deformed shape is parametrised with the help of the spherical-harmonic {Y λµ }-basis:
where the coefficient c v ({α}) takes care of the volume-conservation condition. In the present application, the pure tetrahedral deformation is realised by requiring all deformation parameters α λµ = 0 except α 32 (more precisely, α 3+2 and α 3−2 ). In this particular case, the problem of the centre of mass does not arise since tetrahedral-symmetric uniformdistributions preserve the position of the centre of mass independently of the value of the tetrahedral deformation. The deformed WS single-particle Hamiltonian,ĥ def , is diagonalized in the spherical harmonic oscillator basis with the oscillator quantum numbers n and l satisfying the usual relations n x + n y + n z = 2n + l ≤ N max .
The HFB type product state is obtained by further including the monopole pairing field with the particle number constraint:
The pairing gap ∆ in the Hamiltonian above is either parametrised, cf. Sec. II C, or selfconsistently calculated by using the HFB treatment assuming the seniority interaction for neutrons and protons,Ĥ
with the error function defined as usual by erf(x) = 2 √ π x 0 e −t 2 dt. Following Ref. [23] the parameter values adopted here are: Λ up = Λ low = 1. Earth nuclei depending somewhat on the deformation used.
In the present article we wish to account, even if in a model dependent way, for at least some microscopic mechanisms whose existence is known already. In particular we are interested in the rotational state wave functions for increasing angular momenta.
It is known that an increase of the angular momentum causes an increasing effect of the Coriolis coupling, the latter resulting in a gradual increase in the rotation-induced K-mixing. Since the presence of angular momentum introduces an extra direction in space, on top of the original tetrahedral symmetry, the latter is gradually more and more perturbed. Studying of tetrahedral symmetry of a microscopic many-body system under the condition of increasing spin is a matter of a compromise between the original meanfield symmetry-properties and the Coriolis perturbation. As long as the Coriolis effects can be considered small, one may talk about the tetrahedral symmetry in the system.
In the pure mean-field context the rotational motion has been studied in the past by simulating the Coriolis coupling effects with the so-called cranking term which is linear in angular momentum and which contains the Lagrange multiplier ω in the case of the one-dimensional rotation. More generally, in the case of three-dimensional rotation, as in the present case, a triplet of Lagrange multipliers {ω x , ω y , ω z } ≡ ω is introduced. The notation can be shortened to ω = ω n, where the unit vector n points to the direction of the total spin. One can show further that the term ω can be given an interpretation of the rotational frequency valid asymptotically for increasing spin and regular nuclear energy-vs.-spin dependence -where from the notation ω → ω rot .
To take into account the tetrahedral symmetry mean-field, here throughĥ def , the pairing correlation through the termĥ pair , which does not impact the symmetry considerations, and a gradual effect of the Coriolis mechanism through the (|K| = 1)-mixing term,ĥ |K|=1 , we finally introduce the mean-field Hamiltonian
As it turns out the third term in the above equation with a small ω rot , typically of the order of ω rot = 0.010 MeV, is sufficient to break the time-reversal invariance and to introduce the (|∆K| = 1) K-mixing in the wave function, which is important to obtain more reliably the moment of inertia [20] within the Hill-Wheeler system of equations for the states not far from the ground-state. It has been tested, cf. Fig. 7 in Ref. [20] , that the resulting spectra do not depend very much on the particular choice of values of ω rot , as long as the spin values involved are not too high. Since in this paper we are interest in the spins of up to a dozen of , the particular value of this coefficient does not play any essential role and we keep the above value without modification for the present purpose.
Let us emphasise that the present use of the third term in Eq. (9) , as compared to its role in the standard cranking model, is different. Whereas in the cranking-model approach in numerous articles on the high spin physics, ω rot plays either the role of the Lagrange multiplier adjusted to each new spin value and thus, on the average, increasing with spin, or, alternatively, is currently being used as an independent cranking variable in function of which observables such as e.g. single-nucleon Routhians are plotted -here it may be seen as a coupling constant in front of a certain phenomenological interaction term.
B. Two-Body Model Hamiltonian for Projection Calculations
As commented already earlier, we wish to go beyond the mean-field approximation to be able to take into account, at least partially, certain two-body correlations which have proven to be successful in a phenomenological description of not strongly-deformed nuclei. For this purpose, we employ the model Hamiltonian used in the Hill-Wheeler formalism, cf. Eqs. (1)− (3), with an auxiliary spherically-symmetric WS potential and separable, schematic two-body interactions as the ones employed in Ref. [20] . The twobody Hamiltonian of this form does not perturb the tetrahedral symmetry, whereas at the same time allows for including a richer structure of the nucleon-nucleon interactions.
More specifically, we defineĤ
whereĥ 0 is a one-body Hamiltonian composed of the kinetic energy term and the spherical WS potential (with the Coulomb interaction for protons). The schematic particle-hole (F -type) interaction,Ĥ F , is chosen to be isoscalar and is defined bŷ
where : : denotes the normal ordering and τ = n, p distinguishes neutrons and protons.
Furthermore, the spatial representation of the above particle-hole type operator,F τ λµ , is defined through the one-body field,
with V τ c (r) and R τ 0 being the central part of the WS potential and its radius, respectively. The so-called self-consistent value [1] of the force strength, χ, common to all multipolarities, is calculated by
where ρ τ 0 (r) is the density of a hypothetical spherical ground state, which is calculated with the filling approximation for each nucleus based on the spherical WS single-particle state ofĥ 0 . On the other hand, the pairing type (G-type) interaction,Ĥ G , acts only within like-particles, and is given bŷ
where the matrix elements of the pairing type operator,Ĝ τ † λµ , are calculated with the help of the standard multipole form,
The present formalism follows the main lines of Ref. [20] with a few modifications.
Firstly, the extra one-body terms ( [20] ) are included in Ref. [20] in order to cancel out the one-body exchange contributions of the multipole interactions,
It turns out that the effect of these terms on the resultant projected spectra is small, so that they are neglected for simplicity.
A slightly different deformed mean-field Hamiltonian has been used in Ref. [20] , namely the one derived as the Hartree approximation to the interaction (11) , in the formĥ def = h 0 − λµ α λµFλµ , which, however, coincides with the central part of the present deformed WS potential only within the first order in the deformation parameters {α λµ }. We employ, in the present work, the general shape parameterisation based on the deformed radius in Eq. (4) with the volume-conservation condition properly taken into account. Moreover, the cut-off of the pairing model space is introduced directly in the operatorĜ τ † λµ in Ref. [20] ; then one has to use the spherical single-particle energy in the cut-off function (8) to keep the spherical invariance of the Hamiltonian. We found that it sometimes causes a problem that the results are rather sensitive to the choice of model space for the relatively small pairing model space like in the present case, Λ u = Λ l = 1.2 ω. In the present calculation, the cut-off of the pairing model space is taken into account in the step of deformed HFB calculation in Eqs. (9)−(7) based on the deformed WS single-particle state. Therefore, the cut-off function is not included explicitly in the pairing operatorĜ τ † λµ anymore.
C.
Choice of Parameters
The deformed mean-field single-particle states are calculated in the present work using the Woods-Saxon potential. An often used parameterisation introduced over thirty years back is referred to as 'universal' (cf. Refs. [24] [25] [26] [27] [28] ). We employ, in this work, a new improved "universal compact" set, whose parameters are listed in Table I , see Ref. [22] for notations. As for the maximum number of the harmonic oscillator shells to be used in the calculation, we employ N max = 20, which is a safe margin to accurately calculate the singleparticle wave functions of the bound-states in the Woods-Saxon potential, and at the same time guarantees the convergence of the result of projection calculations [20] .
The ground state deformation is determined for each nucleus by the axially symmetric WS-Strutinsky calculation of Ref. [23] , where an algorithm allowing for the treatment of nuclei with weakly bound nucleons has been implemented. In the present realisation we calculate the strength of the seniority force, G, so as to reproduce the even-odd mass differences with the calculated deformation. More precisely, for the calculated equilibrium (ground state) deformations, α 20 and α 40 , we adjust the G-values in such a way that the calculated pairing gap, ∆ τ = G τ P † τ (τ =n, p), agrees with the even-odd mass difference. Once the parameters G are fixed in this way, the usual BCS or the HFB equations (in the case of the cranking Hamiltonian) are solved self-consistently at any given deformation.
As for the spherically-symmetric Hamiltonian used for the projection calculation, the self-consistent value χ for the F -type interaction in Eq. (13) is used without any modifications. We include the λ = 2, 3, 4 components for the F -type interaction in Eq. (11), because the α 20 and α 40 deformations are taken into account for the ground state within the Strutinsky method and the tetrahedral shape is described by the α 32 deformation. As for the G-type interaction, the monopole pairing is known to be essential. It has been recognised that the quadrupole pairing interaction is also important especially to describe the rotational motion [1] . Therefore we include the λ = 0, 2 components for the G-type interactions in Eq. (14) . The strength of the monopole pairing is determined again to reproduce the pairing gap, i.e., ∆ τ = g τ 0 Ĝ τ † 00 (τ =n, p), for the ground state wave function. As for the strength of the quadrupole pairing we assume g τ 2 /g τ 0 = 13.6, which is determined to approximately reproduce the moment of inertia of the ground state bands in the previous calculation [20] . Note that the values of G τ and g 
III. RESULTS OF THE CALCULATIONS
According to the calculations in Refs. [4, 9] , the tetrahedral magic numbers are N t or Z t Table VIII in Appendix) can be expected as the resulting symmetry of the full system in its lowest rotational band. The situation remains the same if the seniority-type pairing interaction is effective for fully paired even-even nuclei.
An ideal tetrahedral (T d -symmetric) classical rotor is often referred to as 'spherical', because its moment of inertia tensor is diagonal with all elements strictly equal. In the case of a quantum rotor, the notion of the inertia tensor cannot be strictly-speaking defined since the only quantum observables directly associated with rotational motion of such an object are the energy and angular momentum. The specific spectral properties of quantum rotors with point-group symmetries have been actively studied in relation to the TetraNuc Collaboration activities in recent years. For instance, examples of the octupolesymmetric quantum-rotor spectra have been presented in Ref. [33] ; similar examples for specifically tetrahedral-symmetric quantum rotors can be found in Ref. [34] whereas the underlying tensor formalism and the general form of the reduced matrix elements are presented in Ref. [35] . Observe that in contrast to the 'usual' quantum rotor Hamiltonians discussed in the literature, which are quadratic forms of the angular momentum operators, the tetrahedral (or other octupole-symmetric) rotor Hamiltonians are specific third-order forms expressed in terms of the operators {Î x ,Î y ,Î z } (equivalently of {Î −1 ,Î 0 ,Î +1 } using spherical tensor representation). Furthermore, relations between the energy spectra of the quantum rotors and the associated properties of classical rotors have been discussed in Ref. [36] .
It can be shown that the spectra of tetrahedral-symmetric structure-less quantum rotor are composed of the (2I + 1)-degenerate states for each given spin I, cf. Ref. [34] . In this sense the spherical-symmetry of the classical tetrahedral rotor mentioned above and the symmetry of the tetrahedral quantum rotor can be seen as analogous. According to grouptheory considerations, each of the (2I+1)-degenerate states of the T d -symmetric structureless rotor of any given I belongs to a certain specific irreducible representation of the group in question. Among five of those irreducible representations, the A 1 (scalar) representation contains states with the following characteristic set of spin-parity combinations [cf. Table   VI in the Appendix (also e.g. Ref. [38, 39] )]:
As it is discussed in more detail below, such characteristic spectra are indeed realised for the lowest energy band in the results of our microscopic calculation, cf. also Ref. [31] .
It is worthwhile mentioning that there exist certain extra discrete symmetries for the tetrahedral shape nuclear mean-field configurations applying within the cranking model.
They are referred to as doublex and triplex (as opposed to the 'usual' simplex-symmetry applying to the cranking model for the pear-shape symmetric nuclei). The corresponding quantum numbers are useful to further classify the characteristic spectra as discussed in
Refs. [40, 41] , but this issue goes beyond the scope of the present article.
In this work we report on the more extensive and detailed investigations for three doubly-closed tetrahedral-shell configurations in nuclei: deformed states of the latter nucleus have also been studied in Ref. [20] .
B.
Tetrahedral-Symmetry in 160 Yb: Phonon-vs.
-Rotation-Like Structures
Following the procedure of Sec. II C, we obtain the following parameters for the pairing force and residual interaction given in Table II , where the calculated deformation parameters for the ground state are also shown. Exp. Cal.
160
Yb and N β = 50.
We proceed to examining the tetrahedral nuclear configuration and related rotational states. The simplest way to construct the tetrahedral shape in the surface parameterisation in Eq. (4) is to set α 32 = α * 32 = α 3−2 as the only non-zero deformation parameters. In the coordinate system chosen the upper (z > 0) and lower (z < 0) sides of the tetrahedron are parallel to the x-and y-axes, respectively, and the z-axis is along the line that connects the middle points of these two facing sides. Again, we have chosen the y-axis for cranking with a small frequency ω rot = 0.01 MeV. Obviously, in this case the axial symmetry is strongly broken depending on α 32 and thus higher order quadratures in the projection calculations are necessary. We take N α = N γ = N β = 64 for α 32 = 0.1 − 0.2, to the discussed lowest-energy sequence.
A very small tetrahedral deformation of α 32 = 0.05 corresponds to nearly spherical form. The existence of collective excitations in spherically symmetric nuclei has long been recognised in terms of the vibrational modes, which results in an equidistant spectrum composed of multiplet of states, within the simplest harmonic representation, in terms of the vibration-quanta: The phonons, see e.g. Sect. (6.3.2) in Ref. [37] .
The spectrum with smallest deformation α 32 = 0.05 in Fig. 2 is more vibrational-like, while that with α 32 = 0.20 is approaching to the rotational-like spectrum; the one with α 32 = 0.10 is in-between. In fact, (4 + , 6 + ), (6 − , 7 − , 9, − ), (8 + , 9 + , 10 + , 12 + ) ... states in Fig. 2 a) having the same parity can be grouped together, and would be interpreted as slightly perturbed two-phonon, three-phonon, four-phonon ... multiplet structures, respectively, of an elementary mode of the 3 − vibrational excitation. Moreover, the excitation energies of 3 − , 6 + , 9 − , 12 + 1 form a rather linear dependence as a function of spin; the dependence resembles the pattern expected for the multi-phonon excitation. Note, however, that only the specific spin states among the multi-phonon multiplets appear, which is a consequence of the tetrahedral symmetry. In contrast in Fig. 2 c) , the states with the same spin value are nearly degenerate, which is a specific feature of the ideal rotor, and, at the same time, approximately follow the quadratic energy-vs.-spin relation,
E(I) ∝ I(I + 1).
Let us emphasise, that both the parity and the angular-momentum projections were essential for obtaining the tetrahedral-symmetry pattern predicted by the group theory.
This symmetry pattern seems rather typical for the present model Hamiltonian: We obtain similar pattern also for other nuclei, e.g., 110,108 Zr [31] and 226 Th below. In the present work, we concentrate on the lowest energy sequence and we do not enter the discussion of the group theory aspects. Instead let us only mention that representations other than A 1 must be expected for excited bands; also -one may expect, that the symmetry in the case of the non-doubly-closed shell nuclei could be manifested less strongly. In Figure 3 we compare the results of tetrahedral spectra with and without the particlenumber projection (NP) related to pairing formalism. Although the moments of inertia (the slopes) are slightly different, the characteristic properties of the spectra are exactly the same in the two calculations. We conclude that the effect of the particle number projection is small and we do not apply it in the rest of the article. c) The fact that the tensor of inertia of an ideal classical tetrahedral rotor is diagonal with all components equal ('spherical rotor') suggests that the tilting direction of the cranking axis in Eq. (9) may not affect the tetrahedral spectra, at least to the extent in which the Coriolis alignment effects can be neglected, i.e., for not too high spins. In order to test this conjuncture, we investigated the projected spectra from the cranked mean-field state with the different tilted cranking axes. We have varied the cranking axis in our coordinate system, i.e. the vector n in the term,ĥ |K|=1 ≡ −ω rot n ·Ĵ , in Eq. (9) is changed by n = (sin θ sin ϕ, cos θ, sin θ cos ϕ),
C. Transition to Ideal Rotor and Moments of Inertia in
We found that the differences of the resulting spectra for the lowest energy sequence are negligible within the accuracy of our calculation; i.e. the nature of 'spherical rotor' is numerically confirmed. More generally, the projected spectra for the tetrahedral symmetric nuclei do not depend on the |∆K| = 1 coupling term, both the strength ω rot and and the direction n of the tilted cranking axis, as long as ω rot is small. In Figure 4 we show the calculated excitation energies for selected values of the tetrahedral deformation. The ideal rotor spectra with the energies proportional to I(I + 1) and containing the calculated first excited 3 − states are also shown by the dotted lines.
This figure clearly shows that the spectra exhibit the gradual transition from linear to parabolic spin dependence with increasing the tetrahedral deformation: The almost ideal rotor spectrum is realised for α 32 > ∼ 0.25.
Now we compare the tetrahedrally-symmetric spectra with those of the quadrupole deformation. In Figure 5 we show the results of calculated spectra obtained by the angular-momentum projection from the pure quadruple deformed states, where all the deformation parameters are set to zero except α 20 (no parity projection is required in this case). The projection calculation tends to give good rotational spectra, but the result with small deformation, α 20 = 0.10, considerably deviates from the one for the pure rotor spectra. Thus the gradual transition from the linear to parabolic energy-vs.-spin dependence is seen also for the calculation of the quadrupole deformation.
Although the moment of inertia is not any quantum-mechanical observable, certain quasi-classical analogies often found in the literature allow to define and estimate the corresponding values. Here we define this parameter, J , through
It is well-known that the moments of inertia of observed rotational band near the ground state are about (or even smaller than) half of the classical rigid-body value. This large reduction is supposed to be due to the pairing correlations [1, 42] . In fact, the moments of inertia extracted from the high-spin states, where the pairing correlations are believed to be quenched, are known to be close to the rigid-body value, although some deviations attributed shell effects exists, see e.g. Ref. [43] . Therefore, it is instructive to investigate the moment of inertia in the case of the tetrahedral rotor. In Figure 6 the moments of inertia calculated from Eq. (18) As it becomes clear from Fig. 6 , the moment of inertia increases rapidly with increasing deformation for both the tetrahedral and quadrupole shapes, indicating that the picture of the good rotor emerges for larger deformation. Observe that the values of the moments of inertia at the two considered shape configurations are rather similar when the pairing correlations are included, and are both much smaller than the rigid-body values even at the largest value of the deformation parameters. If the pairing correlations are set to zero, the calculated moment of inertia for the quadrupole shape becomes much larger and approaches to the rigid-body value as it is observed from the high-spin limit. However, the effect of pairing correlation on the inertia for the tetrahedral shape is rather small, even though the pairing gap takes more or less the same values as in the case of the quadrupole shape. The reason why the moment of inertia is small and is affected very weakly by the pairing correlation may be because the chosen nucleus in this case is the tetrahedral doubly-closed shell nucleus. The shell gap is ∼ 1.5 − 2 MeV and is larger than the pairing gap, which is in contrast to the case of quadrupole deformation, where the mean single-particle level spacing is much smaller than the pairing gap.
D. Tetrahedral spectra in 110 Zr
The nuclear potential energy surfaces for the doubly-magic Zirconium nuclei have been studied in Ref. [29] and the corresponding illustrations obtained using the phenomenological approach with the Woods-Saxon mean-field Hamiltonian can be found in figure 3 of the above reference. The symmetry-oriented discussion of the corresponding shell-effects can be found in Ref. [44] . A discussion of the static-energy properties in a few nuclei in the vicinity of 110 Zr using Hartree-Fock approach can be found in Ref. [45] , whereas the tetrahedral rotational properties, specifically for the nucleus 110 Zr, have been studied using the cranking-Skyrme-Hartree-Fock method in Ref. [46] and using the methods similar to that of the present article in Ref. [31] .
In the present work the method of calculation is essentially the same as in [31] , except that the different Woods-Saxon Hamiltonian parameter set is used. The mean-field parameters and the force strengths used in the present calculation are given in Table III . The calculated pairing gaps are used because the experimental even-odd mass differences are not available for this unstable nucleus. The numbers of nodes for the Gaussian quadratures are chosen to be N α = N γ = N β = 64 after verifying the stability conditions for the final result.
In Figure 8 we show the excitation energies for various deformations in function of angular momentum, obtained using the angular-momentum and parity projection techniques. The cranking axis is chosen to be the y-axis [θ = 0 • in Eqs. (9) and (17)]. As it is c) In particular, the energy-vs.-spin relation resembles a rigid rotation only for α 32 > ∼ 0.30.
Compared with the results in Ref. [31] , those in the present work are very similar, indicating that the choice of the parameter set of the WS potentials very little affects the rotational properties of a tetrahedral symmetric nucleus -provided a realistic choice of parameters is used. We have checked the dependence of the projected energies on the tilting angle of the cranking axis also for the nucleus 110 Zr (cf. also figure 1 in Ref. [41] ).
Again, the result is found to stay the same, when the tilting angle is changed in the same way as in 160 Yb [cf. Eq. (17)].
In Fig. 9 , the moments of inertia for the tetrahedral and quadrupole deformations are compared for the case of 110 Zr; only the results with pairing correlations are presented. As it is seen, the values of the moments of inertia for two types of deformations are slightly different; the ratio J (3 − )/J rigid for the tetrahedral shape is considerably smaller than the ratio J (2 + )/J rigid for the quadrupole shape. One of the reasons may be traced back to the somewhat larger shell gap at Z = 40 for the tetrahedral shape, so that the ratio figure 4 of Ref. [47] . The parameters determined by the Woods-Saxon-Strutinsky calculation, and those of the force strengths are tabulated in Table IV . They are similar to the ones used in Ref. [20] , where the α 30 deformation was also taken into account. Slightly different values of the parameters as compared to those in
Ref. [20] are mainly due to the fact that the different parameter set of the WS potential is The calculated moments of inertia as functions of quadrupole and tetrahedral deformation parameter are illustrated in Fig. 11 , where only the result including the pairing correlation is shown. Again, the moments of inertia with the pairing correlation are considerably smaller than the rigid-body values and they increases with deformation. The values of moment of inertia are rather similar for the tetrahedral and quadrupole shapes in 226 Th as in the case of 160 Yb in Fig. 6 .
IV. SUMMARY
We have studied the rotational nuclear properties for the pure tetrahedral deformation by the angular-momentum and parity projection method employing the realistic Woods- We believe that both the experimental analysis as well as the theoretical calculations of the discussed spectral properties will need to include more levels in the future. For this purpose the remaining irreducible representations of the symmetry group may need to be studied compared to the scalar representations that we focused on in this article.
The analysis of the irreducible representation structure of the solutions is important for the next step of the analysis, which would consist in calculating the electromagnetic transitions and the branching ratios, the observables which change rapidly with symmetry of the system. This step of the analysis will be essential for establishing the experimental criteria of determining the presence of tetrahedral symmetry in the physics of subatomic systems.
Appendix: Spin-parity relations in a tetrahedrally symmetric rotor
Although it may be considered a textbook matter, some spin-parity properties of the rotational energies of the tetrahedrally symmetric rotor will be summarised in this Appendix, to facilitate the comparison between the results of the microscopic calculations with the projection techniques as obtained in this article and the group-theory expectations (see e.g. Ref. [48] ). The representation of the rotor states with definite spin-parity
Iπ (π = ±), D (Iπ) , which have a certain symmetry governed by a group G, can be de- ;
The multiplicity can be calculated by the standard formula [48] ,
where the number N G is the order of the group G, χ Iπ (R) and χ i (R) are the characters of the representations D (Iπ) and D i , respectively, for the group element R, and the quantity g α denotes the number of elements in the class α, whose representative element is R α . Note that the decomposition (A.1) is performed by a unitary transformation in the (2I + 1) dimensional space of the rotor wave functions for given Iπ; more precisely, a specific combination of the K-mixing generates each irreducible representation.
T d E C 3 (8) C 2 (3) σ d (6) S 4 (6) As for the excitations of odd nuclei, i.e., for half-odd integer spins I, the same calculation can be done, but one has to consider the extended rotation group (the double group) G D , see e.g. Ref. [39] (or equivalently, the two-valued representations [48] ). In the extended group, the number of elements is doubled by extending the range of rotational angle about an axis from 2π to 4π, because the 2π rotation is not the identity operation but changes sign for the rotor states with half-integer spins. The character can be easily confirmed. Table VIII can be also used to see how a spherical single-particle orbit j π decomposes
